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ABSTRACT 


Various algorithms for testing the planarity of a Sreeisis 
are reviewed. The Phung-Chan algorithm is improved by 
modifying the method of application of the necessary and 
sufficient Berit fon that a pseudo-Hamiltonian graph be 
planar and the azialatee of determination of circuit C(k) with 
as many edges as possible, and from which the pseudo- 
Hamiltonian graph is defined. By application of the proposed 
algorithm it is proved that the algorithm can be applied to 
an arbitrary graph. Using this proposed algorithm, the rate 
of convergence of the algorithm is increased and the computer 


storage requirement is minimized. 
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I. INTRODUCTION 


Recently, in the automated design of printed circuits 
for large scale digital computers, the search for an 
effective algorithm to test the planarity of a graph and 
to recognize a planar subgraph of a nonplanar graph have 
become important. The algorithm should be suitable for 
implementation on a digital computer and be practical for 
a graph which may have a large number of vertices and edges. 
And so the well known classical criteria of Kuratowsky [1] 
and Whitney [2] are not practical for the problems at hand. 

The AuSlander-Parter algorithm [3] tests the planarity 
of a graph by a decomposition procedure. This procedure 
breaks a large graph into several smaller graphs and finaliy 
the smaller graphs are tested by inspection. Goldstein 
algorithm [4] tests the planarity of a graph by inductively 
constructing the "meshes" of the graph. Fisher-Wing [5] 
and Lin [6] used decomposition theorem in their algorithms. 
Fisher-Wing introduced the concept of pseudo-Hamiltonian 
Eravio, s WSs TGhesdecompositlon theorem and reduced the 
problem of testing the planarity of a graph to the problem of 
testing the planarity of a set of pseudo-Hamiltonian graphs 
and Lin algorithm tests the planarity of a graph by 
repeatedly reducing a problem to several problems each of 
which involves a graph containing fewer edges than the graph 


of the original problem. Phung-Chan [7] improved the 
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Fisher-Wing algorithm by using the edge T-matrix associated 
with a graph instead of its incidence matrix which Fisher- 
Wing used in their algorithm. 

In this paper the Phung-Chan algorithm is improved by 
moval Eyinte the method of application of the necessary and 
sufficient condition that a pseudo-Hamiltonian graph be 
planar and by modifying the method of determination of 
circuit C(k) with as many edges as possible, and from which 
the pseudo-Hamiltonian graph is defined. Using this 
improved algorithm, the rate of convergence of the algorithm 
LomincreasecGmandmsgthe computer storage mnequirement is 


minimized. This algorithm also employs the edge T-matrix. 





IT. REVIEW OF EXISTING ALGORITHMS FOR 
TESTING “DHE sPRANARDTYMORS ANGRAPH 
A. FISHER-WING ALGORITHM 
1. Decomposition Theorem 

Let C be a circuit in a graph G and G-C the subgraph 
or G that remains when the edges of C are ete cede (By the 
deletion of an edge we shall mean the removal of the edge 
but not the two vertices associated with the edge.) The 
edges of G-C are classified as follows: 


1) Direct Connections: edges with both vertices in C 
2) Edges of Attachment: edges with exactly one vertex in C 
3) Exterior Edges: edges with no vertex in C. 


We decompose G-C into union of edge disjoint subgraphs 
denoted as the "bridges" of C in G. The bridges may be 
defined by construction. To start, delete the vertices of 
C and all of the edges connected to these vertices. Next, 
group the subgraph of G that remains into a set of connected 
components. Denote each component which consists of a 
single isolated vertex by V;> and each of the remaining 
SempOnernts by Gs. Finally, assoelate with each component 
Ue SeLeet edges @f attachment whiieh reconnect 10 to C. 
Note that this set may be null for some Gs> teea 2s. noL 
Conve ere ay 


hep acemor © Jn Gueteeunen ome of the following: 


1) a direct connection to C (Type-1 bridge) 


2) a set of edges of attachment which connect a vertex V, 
to C (Type-2 bridre), or 
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3) a connected component, Gs, and the corresponding edges 
of attachment which connect G, to C (Type-3 bridge). 


Definition 1 A subgraph G! of G is called a pseudo- 
Hamiltonian graph if its decomposition with respect to a 
specified circuit C consists of bridges which are only 


Types 1 and 2. 


Definition 2 A subgraph Gs of G is called a decomposed 
Subgraph of G and is formed by the union of C and a bridge 


of Type -3. 


Theorem 1 Gis planar if and only if 
(1) the pseudo-Hamiltonian graph G' is planar, 


and 
(2) each decomposed subgraph Gy is planar. 


2. The Planarity of a Pseudo-Hamiltonian 
Graph and the Attachment Matrix 


in seetion f iC Us indicated that re problem of 
testing the planarity of an arbitrary graph could be reduced 
essentially to the problem of testing the planarity of a 
pseudo-Hamiltonian graph. A pseudo-Hamiltonian graph is 
Paamoermi ata OGniy iffits bridges can be’ mapped on the 
inside and outside of C in such a manner that no two edges 
on the same side cross. To determine whether such a mapping 
HSepossible the concept of alternation is introduced in the 


following paragraphs. 


Define Lone, LEetss be@a Dridge of © in G'. The vertices 
which are common to B and C are called the vertices of 


attachment of B. 


sat 





Suppose B! is a bridge of C which is distinct from 
B, but possibly having the same vertices of attachment as B. 
B' does not alternate with B, if all of the vertices of 
attachment of B' lie on a path defined by two successive 


vertices of attachment of B. 


Lemma 1 A pseudo-Hamiltonian graph G! is planar if and only 
if its bridges can be associated with two disjoint classes 

I and O, such that no two bridges in the same class alternate. 

The property of alternation has a particularly 

Straightforward representation in terms of the incidence 
matrix A of a pseudo-Hamiltonian graph G'. To determine 
whether two bridges alternate, it is needed only to examine 
the submatrix H of A of a pseudo-Hamiltonian graph introduced 


below. 


Definition 4 The submatrix H of A of a pseudo-Hamiltonian 
graph G' whose rows correspond to the vertices of C, and 
ToS CmCemmiIln Ss BeCOCrVeSpongmGo TLhembpridress |secalted the 


attachment matrix, 


ett (A: ee 


n 
where A. ic the submatrix of H which correspond Go theybridge 


BS. om.G'. 


al 
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Theorem 2 Let A be the incidence matrix of a pseudo- 
Hamiltonian graph G'. Let H be the attachment matrix A. 

See seplanar it and only if 9H can bel partitioned H =)[1:0]; 
where no two submatrices Ay sAs in@d partevionw. or @ 


alternate. 


3. Identification of a Planar Subgraph 
of an Arbitrary Graph 


In this section the iterative algorithm described 
in Section 1 is utilized to extend the discussion to graphs 
which may be completely arbitrary. The decomposed subgraph 
which is tested in the k-th iteration is now denoted as G(k), 
where k=1 for G. To start the k-th iteration we find a 
circuit C(k), obtain the bridges of C(k) in G(k), and form 
the corresponding pseudo-Hamiltonian graph G'(k). If G'(k) 
is planar we proceed as in Section 1 and form the decomposed 
subgraphs for G(k). If G'(k) is nonplanar a set of non- 
planar edges N(k) is deleted so that G'(k)-N(k) is planar. 
The procedure is iterated until no decomposed subgraphs 
remain. 

a. Formation of the Decomposed Subgraphs 

If the edges of attachment have at least two 

distinct vertices in both C(k) and G,(k), the decomposed 
Subgraph is denoted as the graph of Case 1 and is given by 
COD B, (k), where B, (k) is the Type-3 bridge defined by 
G, (k). If the decomposed subgraph C(k) VU B, (k) is separable 


Or 15 Meeeconneeted, it 1S noted as) the graph of Case ed. 
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In the graph of Case 2 the planarity test needs only be 
applied to the pomponent B, (k). This separable subgraph 
B, (k) widll be denoted sas Giktm), m > 1. 

b. Determination of C(k) 

Let G(k) which is composed of C(k-m) and B, (k-m) 
be the decomposed subgraph to be tested in the k-th iteration. 
As a preliminary step we first delete the edges of G(k) whose 
vertices are of degree one. If there are parallel edges, 
these are deleted from G(1) at the beginning of the algorithm. 

Consider first the determination of C(k) when 
G(k) is the graph of Case 1. To construct C(k) we first 
determine a pair of edges of attachment, (a,a') and (B,8") 
whose vertices a,8 in C(k-m) are successive and whose 
vertices a',B' in G, (k~m) are distinct. C(k) is then given 
by 

Oo earono 7 PCa" 2 OSs ea tw P(e sa) 


where P(a',8') is a path from a' to 8! which is contained 
entirely in G, (k-m), andeP(B.@) isethe path from B to «@ 

on C(k-m). To construct C(k) when G(k) is the graph of 
Case 2 we select an edge (8',a') in G, (k-m) and find a long 


Da cee. 6! ein G, (k-m)-(B' ,a'). C(k) is then given by 


COCk) = 8" 507) Se PCat Ra we 


To insure that the edges of C(k-m) are planar throughout 
the remaining iterations of the algorithm we specify that P'! 
be placed first in the subsequent partitioning of the pseudo- 


Mameitonien graph G'(k). 
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4. Summary of the Iterative Algorithm in 


Terms of the Incidence Matrix 

The incidence matrix for the k-th iteration is 
denoted by A(k) where k=l for G. The algorithm identifies 
@ planar subgraph of G, and is initialized by placing A(1) 


in the matrix list. 


Step 1 Test if there is a matrix in the matrix list. If 
not, the run is over. If A(k) = A(1), delete the columns 


which correspond to parallel edges. 


Step 2 Delete the rows and columns of A(k) which correspond 
to vertices of degree "0" and "1". If no columns remain, 


delete A(k) from the matrix list and return to Step l. 


pLepeeerend path F(a’ 67) It there is no path place the 
connected components of A(k) = A(k) - (8',a') in the matrix 


list and return to Step 1. 


Step 4 Form circuit C(k). If A(k) is associated with G(k) 
omecosem! w C(loje= (a.0") UN Pla'.6') U (s".8) UO P(8,a) and 

if A(k) is associated with G(k) of Case 2, C(k) = (B',a')U 
P(a',B'). Let A({k) be the matrix of B, (k). And rearrange 
the rows and columns of A(k) to correspond to the decomposi- 


muon Of the bridges of, C(k). 


Step 5 Partition the attachment matrix of A(k), placing 
Papcme miirsitt if A(k) is asisociated with G(k) of Case l, 


If necessary, delete nonplanar edges. 


eee 
al 








Step 6 If the decomposition with respect to C(k) is 
pseudo-Hamiltonian, delete A(k) from the matrix list and 
return to Step 1. Otherwise, form the appropriate decomposed 
matrix for each Type-3 bridge of C(k). Place these matrices 
in the matrix list.and delete A(k) from the matrix list. 


Return to Step 1. 


B. LIN ALGORITHM 
1. Generalization of Euler's Theorem 
A fundamental theorem in solid geometry is Euler's 
theorem which relates the numbers of vertices, edges and 
faces of a polyhedron. Although Euler's theorem is customarily 
stated for polyhedrons, it is also applicable, with slight 


modification of definitions, to any planar graph. 


Theorem 3 If Gis a planar graph with v vertices (v > 1), 


e edges, P maximal connected subgraphs, and f faces, then 
i? = Co a tl 


Thoerem 4 For any planar graph G, 


where ms is the number of edges on the boundary of the j-th 


face. 





2. Graphs With a Hamiltonian Circuit 


Definition 5 A circuit containing all the vertices of a 
graph G is called a Hamilton circuit of G. 

Given a graph containing a Hamilton circuit, we first 
redraw the graph with the Hamilton circuit as a convex 
polygon, and the remaining edges as line segments inside the 
polygon. By inspection of this graph, the edges inside the 
polygon can easily be divided into two sets: 

(1) those with some crossings, designated by P, and 
(2) those without any crossings, designated by Q. 
NX Ge CUI y sbONcOrmu the: Capes Of =Peintoe Two groups as 

follows: 


(a) to begin with, both groups are ety: Arbitrarily ada 
one edge of Pp 1G) agesyes Al - 


(b) add to Group 2 all the edges of P which cross any of 
the edges in Group 1 so far. 


(c) add to Group 1 all the edges of P which cross any of 
the edges in Group 2 so far. 


(d) repeat (2) and (3) until all the edges of P are used. 
If the above process exhausts all the edges of P 
without any one appearing in both Group 1 and Group 2, then 
the given graph is planar. We can in this case draw the 
edges of Group 1 inside the polygon, those of Group 2 outside 
the polygon, and the edges of Q either inside or outside the 
polygon. On the other hand, if at any step an edge appears 


ioe cmecroup | and Group 2y5)then the given graph is nonplanar. 





3. The General Case 

From the specified incidence aQier ona among the 
edges and vertices of a graph G, G can be drawn on a plane. 
Assume that there are some crossings of edges at points other 
than the vertices. For the question at hand, the following 
preparation steps can be justified easily: 

(a) Any-series connection or parallel connection of 
edges is replaced by a single edge. 

(bo) If the graph is separable, decompose the graph 
into its components. The given problem may be treated as 
several problems, each of which is concerned with one 
component of the graph. 

(c) If the non-separable graph contains a connected 
subgraph G, which has exactly two vertices (i,j) in common 


with the complement of G then we shall first investigate G. . 


1° 
If G, is nonplanar after adding an edge between (Aye. then 
Ceas nonplanar. If G. is a planar one-terminal-pair graph 
with respect to (i,j), then G4 may be replaced by a single 
edge between the vertices (i,j), and the investigation 
continues, 

After the above preparation steps it is assumed that 
the graph G under investigation is non-separable, contains 
no series or parallel connection of edges, and contains no 
subgraph which has only two vertices in common with its 
complement, unless the latter is a’single edge. The method 
of determining whether G is planar now proceeds step by step 


as follows: 
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Gime ccleceeamermrenss © in G. Lf © contains ally the 
VicChe. CC Smo fuGmeeelicl wCnomon Tamiiton circuit of G,eand the 
method of Section 2 may be used. 

(2) Assume that C does not contain all of the ver- 
eices of G. Let Q be the set of all edges of G which do not 
belong to C, and have both endpoints on C. C+Q (the union 
of C and Q) may be tested by the method of Section 2. If 
C + Q is nonplanar, then G is nonplanar. 

(3) Assume that C + Q@ is planar. Let P be the set 
of all edges of G with exactly one endpoint on C. Let G. 
be the subgraph obtained from G by the removal of P, excluding 
the endpoints of P, and the removal of C + Q, including the 
anapoincvs®orsc + @. G. may contain some isolated vertices. 


Decompose G. into its maximal connected subgraphs H Ho > 


sie 
ee BCG. 


Cimeerssume that G. contains at most two maximal 


connected subgraphs Hy and Hy. We separate P into P = Po E Po; 


Suenmcnatvmeach elddge ofePrs and Po has one endpoint on C and the 


al 


other endpoint on H. and Ho respectively. Determine whether 


1 


Cart Ps + Ho and C + P., 


either C + Ps + Hy 


I: Hy are planar respectively. If 


Ore Cas P, + H. is nonplanar, then G is 


nonplanar. 


(Syaeefssume that both @ + P. ##H. and G + P + H 


il: ii 2 2 
are DPlanarwae l nen ¢ + Ps + Ho +; P., t: H, iseplanars lhe 
i lanar =e traobieG a Po + Ho t P. +; Ho Givi desmane- >) lane oncom 


faces. If every edge of Q joins two vertices on the boundary 


of the same face, then G is planar. Otherwise G is nonplanar. 





C. PHUNG-CHAN ALGORITHM 
1. The Edge T-Matrix and Its Properties 
The edge T-matrix is introduced by Phung and Chan [10] 
and the Fisher-Wing algorithm was improved using the edge 
T=matrix. lest definition and Some of) its propertiles will be 
repeated in this section to facilitate the discussion of the 


algorithm that follows. 


Definition 6 Given a graph G of v vertices. The edge T-matrix, 
denoted by {T, associated with G is a triangular array of 
v-l rows and columns, of which the i-th row corresponds to 
| 4+1>? and the j-th column to vertex V5. The entry 


ts; in the i-th row and j-th column is: 


vertex V 


J 


an of edge designations between V,,, and V., 
Ge. 
1) 


nov ar Veay and Ve are disconnected. 
Property 1 

(a) The number N of nonzero entries in row i-1 and 
column i is the order of vertex Vi In particular if N=0, 
einen We mSman tsolaved verter. 

(b) The set of nonzero entries, denoted by R,_, for 
ioc oe etic —ierow Corresponds te smnie #SCU moleedges 
connecting V, to V5; eo | on eee BSCiLmOte nOnZero 
entries Cy ine the ei eolumn corresponds to the Set of edges 


connecting V, to V5 MR Mer SRS i 
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Property 2 
(a) If all entries ty, in (hare zero for k < i < v-l 
and 1 Sy < k, then the graph associated with{T is disconnectea, 
(>) If all of these entries are zero except one, then 
the graph corresponding to [Tv is composed of two separable 


subgraphs. 


Property 3 A set of v-l nonzero entries taken one from each 
row of the edge T-matrix [T, associated with a graph G, at 


a time is a complete set of branches of a tree of G. 


Definition 7 Given a graph G. An Euler tree of G, when it 
exists, is a particular tree which is formed by a path 


visiting all vertices of G. 


Property 4 There exists an Euler tree in a graph G if in 
the edge T-matrix associated with G, the set of entries tas 


remo nonzere 1 < 2 < v—-l1. 


Definition 8 Consider a graph of vertices. The edge T-matrix 
associated with the graph, denoted by jiTe, is called the 


effective edge T-matrix if 


(1) tay # 0 ORO Ty LS 


(2) tay = 0 seen Vow cs a eS mt 


Definition 9 Consider a graph G of v vertices. Suppose 
that the edge T-matrix |{T associated with G is an effective 


edge T-matrix. The tree of G whose branches are represented 


by 


ai 





Cats, poor Wes 71 <ek 


(2) a. for ktl < p < v-l 


‘ol - 


v 


is called a pseudo-Euler tree, where Boal is the last nonzero 
entry in row p. 
The k branches represented by Cay form a path 


connecting V4 ee Veet1s his parm Ls cal ledetnemprunk of 


ThesLrece ang@eaune rematmine branches "associated with Coat 


are known as main branches of the tree. 


Definition 10 Given the edge T-matrix Ty = Lae associated 


with a graph G. It is said that the edge T-matrix 


Ty 5 = Eee is derived from Ty by applying the C-transformation 


using column j > 2 aS operating column, if: 


ee a < < j-2 
(1) tha eo Ore Need <3 
t = 1 a i 
(2) toa Catl.q Ot tte i Da evo andl SOM 
(He nai | < v-2 and j < < v-2 
SS ptl,qtl JS 18 J 
tore oe ILS < j-l 
(4) +! es Ct =v a4 
geiliere: 
: fa i < y= | 
bas OY) am OS 
im particular for J=ie then: 
! -— < < = 
CS), Cahier cae OGD = vo 
UG) 5. = ¢ [OG me <edes V—1 


Sie | oil 
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Definition 11 A column k in the edge T-matrix is called 


a C*-operating column if: 


(1) easy reap =! [ and 
Vel 
C2) ae t, x 0 


The C-transform in which the operating colum is a C#- 


operating column is called the C*-transform. 


Definition 12 An edge T-matrix is called a resolving edge 
T-matrix if no column in this edge T-matrix can be used as 


a C*-operating column. 
Lemma 2 Any edge T-matrix can be transformed into a 
resolving edge T-matrix. 


Oo. Plianarity of a Pseudo-Hamiltonian Graph 
From its Edge T-Matrix 


Lemma 3 A pseudo-Hamiltonian graph is planar if and only if 
The set of chords defined with respect to the pseudo-Euler ° 


tree can be mapped on the plane of the tree without cross over. 


Pon One) Sam UWOmcmOrds Wimmer e SUC Cbembo sDSeudo—Lude rearree 
USeSaideto be of 


Gi c tass=iechord wieat Lssamchord with both vertices 
1 yieee het ritiieer. O72 


(2) Class—2 chord if it is*®a) chord with only one 
VeErPLeNx sine. GicliniGn 


Lemma 4 ‘Two Class-1l chords with respect to a pSeudo-Euler 
tree when mapped on the Same plane with the tree, alternate 


mire verLicas alternate on the trunk of the tree. 


NO 
Ud 





Lemma 5 Let V5 and V, be respectively the attachment vertex 
of the main branches which connect the C-isolated vertices 
Vy and Vq Cenene serunk., BLet Cor and Cs be two Class-2 
chords connecting respectively iS and Vg TO THC Bur unic.w. fen 
e and Cas alternate when mapped on the same plane with the 


pr 


tree if vertices V; and Ve alternate with V, and 'e on the 


k 
trunk of the pseudo—Euler tree. 

Lemma 6 Let V5 be the attachment vertex of the main branch 
which connects a C-isolated vertex V.. Consider a Class-1l 


q 


chord Ens and Class-2 chord CQp* Then oe and op alternate 


shat is and Wee alternate with Va and Vy On URCeLEUnK: 

Thoerem 5 A pseudo-Hamiltonian graph is planar if and only 
if the set of chords defined with respect to a pseudo-Euler 
tree of the graph can be partitioned into two subsets such 


that no two chords in the same subset alternate. 


3. Determination of a Planar Subgraph 
of an Arbitrary Graph 


Let the decomposed subgraph, which is being tested, 
in the kth iteration be G(k), where k=l for the given graph. 
To start the kth iteration, a circuit C({k) is first to be 
found, then from which a corresponding pseudo-Hamiltonian 
graph G'(k) and a set of decomposed subgraphs, denoted by 
G(ktm), for m=1,2,..., are also to be obtained. If G'(k) 
is nonplanar, a set of nonplanar edges N(k) will be formed. 
The procedure is iterated until no decomposed subgraphs 


remain. 


2K 





a. Determination of C(k) 

Suppose that the graph is associated with a 
resolving edge T-matrix [Px The resolving tree from Tr 
is associated with the branches that are: 

(1) All nonzero entries ts. and 


enim. Oneal | Glee ct is the 


ea ual 
last nonzero entry in row p. 


(2) all nonzero entries t pq! 


The remaining nonzero entries of T represent chords with 


respect to the resolving tree Th 


De mint LON Seeviith @espect, vo a resolvingytree, chords are 
mvided into: 


(1) Class-1 chord, if it has both vertices in the same 
path, 


(2) Class-2 chord, if it has only one vertex in a path 
and the cther is reconnected to the same path by a 
igtekey |o 1akebele ct 


(3) Class-3 chord, if it connects two connected components. 


i 


Rule 1 The fundamental circuit obtained from Class-l1 chord 


eavel Se 


fo) 


(@ — (toqetatiqti?***?*pp? pq 


Rule 2 The fundamental circuit obtained from a Class-2 chord 


pq 


ec tati atl? °° qed qi-1° “pa? "pq’ 





Rule 3 Let Pg and eee be respectively two paths which 


are connected together by a tree branch represented by ea q'' 
3 


Let ayer be a Class-3 chord connecting these paths. Then the 


fundamental circuit obtained from t oq is: 


C= ( ac ie 


paced eee (oti gt=1°-felegt 2s? sh1,d+1> > 


eer ) 


t 
jv sore 


Wicremiemde—rGs =< itr and jo < p < jtS, or 


C2 
il 


(tea qtetgtqretgter qtt12*'*2%q-1,q-1° "pq? "pp? 


Oped pi? p-2.p-2°" <9 °44" 


Wielice wee d'e= Gq < itr) and j < p < jts 


Remark 1 In finding the fundamental circuits of a Class-3 


andar it is observed that 


ehorameconnecting path P. j,jts? 


a Wetalee a6 


Sh Gecka ial 


eames s 
this case a train of tree branches which has common node 


there is no tree branch connecting P. . 
eae 2 


alien lore) ae! Pi jitr and Ps its 


train of tree branches can be obtained, since the resolving 


is required. ltIn general such a 
CrecmeLSepyeGerinitionga connected graph. Ehung and Chan have 


SivVermomealeorithm for finding the fundamental circuits with 


respect to a resolving tree of general case [8]. 
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Using Rules 1, 2 and 3, fundamental osteaerene * 
with respect to a resolving tree of G(k) can be obtained and 
the circuit C(k) of G(k) is properly selected among fundamental 
circuits according to whether G(k) is separable or 
non-separable. 


b. Determination of the Edge T-Matrix 
Associated with G'(k) 


Let G'(k) be the pseudo-Hamiltonian graph which 
results from the decomposition of G(k) with respect to the 
specified circuit C(k). The edge T-matrix associated with 
G'(k) can be determined as follows. | 

(1) Use C-transform to transform (T,.() into 
another resolving edge T-matrix [t,.0) of which the first 
entries t,, for 1 < i < s are associated with the ordered 
sequences of edges of C(k) and where s is the number of edges 
efec(k). 

(2) Identify isolated vertices V; and vertices 
of each of the connected components which result from the 
decomposition of G(k) with respect to C(k). Add all entries 
in the same column of the first s columns and rows corre- 
Sponding to vertices of the same connected component G, (k) 

Pon, orm agricw row, 

(3) The effective edge T-matrix [Tz (k) associated with 
G'(k) is formed by the first s rows associated with C(k) and 
rows associated with C-isolated vertices and rows which 
correspond individually to a new vertex obtained by 


identifying vertices of a connected component. 


DO 
Sond 





ec. Determination of the Edge T-Matrix Associated 
With a Decomposed Subgraph G(k+m) 


The edge T-matrix associated with a decomposed 
subgraph G, (k). can be obtained directly from [tO by letting 
all of the entries corresponding to bridges of C(k) in [T,,Cx) 
equal to zero except for the entries corresponding to the 
Type-3 bridge B, (k) from which G, (k) is defined and remoudte 
all rows and columns associated with the lsolated vertices 
and the vertices in connected components except for G, (k) 


from this reduced matrix. 


4, Algorithm for Identifying a Planar Subgraph 


From an Arbitrary Graph 
The algorithm is initialized by placing {T(1) of G(1) 
in thet matrix IWist. At the beginning of the algorithm 


nonplanar edges N(1) = 0. 


Step 1 Test if there is an edge T-matrix in the matrix list. 


Pieoue CoC run 1SBover. 


Step 2 Transform |T(k) ert © \r Coa 


Step 3 If G(k) is the graph of Case 1, select a circuit C(k) 
uSing the process given in Section 3. If G(k) is the graph 
of Case 2, return to step 2 with (T(k) = TB, (k-m) 

where B, (k-m) denotes the Type-3 bridge from which G, (k-m) 


is defined. If no circuit can be formed, delete |T(k) from 


Coicmiarmetiwe. |S> and then! return teGmoclep 1. 


Step 4 Implement the edge T-matrix associated with G'(k) 


and test the planarity of G'(k). Place nonplanar edge in N(k). 
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Step 5 If the decomposition of G(k) with respect to C(k) 
is a pseudo-Hamiltonian, delete {T(k) from the matrix list 
and then return to Step 1. Otherwise, implement an edge 
T-matrix associated with each Type-3 bridge of C(k). Place 
Bhese edge T-matrices in the matrix list and then delete 


| T(k) from the matrix list. Return to Step l. 





Tif. MODIFICATION OF PHUNG-CHAN ALGORITHM 


Planarity test and planar partition of a graph G(k) piven 
in the following examples will be done by using the Phung- 
Chan method. Doing the examples given below, it will be 
pointed out that the application of Theorem 5 which is 
established by Phung and Chan depends on the specified pseudo- 
Euler tree and that the Phung-Chan algorithm does not converge 
in some cases. The algorithm for determining 2a proper 
pseudo-Euler tree of G'(k) will be given to make Theorem 5 
work and also the algorithm for finding C(k) of G(k) will be 
given to make the algorithm converge in any case of edge 
T-matrices associated with G(k). Finally, modification of 


Phung-Chan Algorithm will be given. 


A. ILLUSTRATION OF PHUNG-CHAN ALGORITHM 

Example 1 Planarity test and planar partition of the graph 
G(k) given below will be done by uSing Phung-Chan method. 
Numbers in small circlés in G(k) represent the vertices of 
G(k). The G(k) can be assumed the pseudo-Hamiltonian graph 
obtained by decomposition of an arbitrary graph with respect 
tO the circuit whose edges are a,b,c,d,e,f and g and so 
vertex © in G(k) is assumed to identify a connected 


component G, (k-m) or a C-isolated vertex V,. 
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G(k) 





Step 1 It is assumed that |T(k) is selected from the matrix 


list. 


[T(k) 


HW 
Oo DOAN NW FW OY 





12 5 3 ES Geass 


Seep 2) COmpletied in Step 2 


Sul 





Step 3 The branches of the resolving tree 2), of (7,,(«) 
are: 
ee) wea Ome ede. teh 11) 


The chords defined with respect to Ts) are: 


Clasis—leechnordse £,1,).,k 
Class-2 chords: l,m 


Class~-3 chords: none 


The fundamental circuits obtained according to chords are 


Oemen(=), Cyehd somo) 
Cy = (i,e,d,c) 
C2 = Cd scante’, a) 


(k,h,f,e) 


© 
= 
il 


(?) 
Sh 
i 


Orn ceiby 


Cé 3 Ciistrscy 


From the above fundamental circuits it is found that Cy is the 
one which has the greatest number of edges among them and 


SO Cy is selected as circuit C(k). 


Step 4 The planarity test of G'(k) (=G(k)) yields: 


L(k) = (k,1,m) 
UCkK) =) Ce,J. 
N(k) = (1) 


3? 











The graph G(k) is nonplanar because the chord i cannot be 
mapped on the same plane with respect to the chosen pseudo- 
Kuler tree without cross over. The bold line in the above 
graph is the chosen pseudo-Euler tree. According to Step 4 
test the planar suberaph of G(k) is composed of the edge "i". 
The nonplanar edge i is represented as dotted line in the 


above graph. 


Example 2 Pilanarity test and planar partition of the graph 
G(k) given below will be done by using the Phung-Chan 


al Pers Chim. 


Gw@ 


or 





Step 1 It is assumed |T(k) assoclated with G(k) is selected 


from the matrix list. 





i moet 5 6/7 16 


Step 2 Completed in Step l. 


Step 3 The branches of the resolving tree IGS) Ces tk) are: 
> a N 
Ws) BE Mae sl Eee Raye, 


The chords defined with respect to the above resolving tree 


G's, are: 


Class~1 chords: i,j,g 


Class-2 chords: l1,m,k 


The fundamental circuits obtained according to the chords are: 


Se 
if 


IAS be BBLS 


2 . Jee Aehige 


© 
Jey 
ii 
= 
Ss 
‘or 
re 





From the above fundamental circuit list C3 is selected as 


circuit C(k). 


Step 4 The planarity test of G'(k) (=G(k)) yields: 


L(k) = (1,m,k,g,J) 
U(k) = (1) 
N(k) = none 
c 
e 
Oe : — B Be a, a ow a 
me) 
oh ‘A 
3 K 


/ 

cy re rope he's 
all) 

Gee 


The chords with respect to the chosen resolving tree can 
be mapped on the same plane without cross over. The graph 
G(k) is planar. The bold line in the above graph is the 


chosen pseudo-Euler tree. 





Example 3 Planarity test and planar partition of the graph 


G(k) given below will be done by using the Phung-Chan method. 


ae) QU s ef 
€_<h) ny, : 19) 





Step 1 It is assumed jT(k) associated with G(k) is selected 


Lreomepnesmatvrix 21st. 





ana Skin 


SULCD CecmCcIplelLeds lm otLeps I 
Step 3 The branches of the resolving tree T(k) of IT, (ic) are : 


Tomek) (end Cad. ec, aeetiet. 1) 





The chords defined with respect to T (Kk) are: 
Class-1 chords: ~ J,mM,n,O,P,4,r 


Class-2 chords: k 


thetiundamental circulvs® obtained according to chords are: 


© 
ul 
Cte 
vs 
or 
vs 
Q 
vs 
Oo 


Cy +2) clea fce hme Biela (el ee) 
C. = Dd, je 
Cé sa90,0,C,0,4 
Co se, c, Dea 


Cp = k,1,d,¢ 


Fromathemsiundamentall cincuitis’ list tt as! found that C) is 
the one which has the greatest number of edges among them 


and Cy is selected asycircuis C(k). 


Step 4 The planarity test of G'(k) (=G(k)) yields: 


Mi) Masel, 11) 
U(k) = (r,o,m) 
N(k) = (p) 





a7 





Because of nonplanar edge p the graph G(k) is nonplanar. 
According to the above test the planar subgraph of G(k) is 
composed of the edge "p", The bold line in the above graph 
is the chosen pseudo-Euler tree. Nonplanar edge p is 


represented as dotted line in the above graph. 


Example 4 The planarity of the graph associated with the 
edge T-matrix given below is tested by using the Phung-Chan 


method. 


Mr oO ON NU FW 


ee 


be 
I © 





A ey Eas 7/ Melee) al ale 


Step 1 It is assumed that | (x) associated with G(k) is 


selected from the matrix list. 
Step 2 Completed in the given edge T-matrix In (k). 


Step 3 The branches of the resolving tree Tk) are: 


T (Kk) Se Michiel nae ere aA oigtio alana) 
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The chords defined with respect to the above resolving 


tree Tk) are: 


Class-l chords: j,p,m,a,r,q 


Class-2 chords: n,k 


The fundamental circuits obtained according to the chords are: 


4 S alpehyere 
Cy = p,8,f,e 
C2 = m,h,g,f 


Cy 3 Zio lige Pee s6lae 5 © 


Q 
WN 

I 

iS 


30,9,2,1 Fel,d 
Cé = eyo NaS 
C> = n,i,h,q 


Cg = et dsc 
From the above fundamental circuit list Cy is selected as C(k) 
Step 4 The planarity test of |T" (ec) (= |T(k)) vie dds; 


(keingasd.,msd? 


L(k) 
eee, DD 
N(k) = none 


According to Step 4 test the graph associated with the given 
edge T-matrix \T (x) is planar. The bold line in the 


following graph is the chosen pSeudo-Euler tree. 








Example 5 The planarity of the graph associated with edge 


T-matrix given below is tested by uSing the Phung-Chan method. 


tI 
vwVW~"n 
rs 
Noe” 
It 
RP om £&S Ww WM Mo co ~) 


ae 
oO 





Se MC 2 = Bad 


Step 1 It is assumed that the given edge T-matrix IT (xk) is 


selected from the matrix Pist. 


Step 2 Completed in the given edge T-matrix [T(k). 


110 





Step 3 The branches of the resolving tree T&) of [TH are: 
T_.(k) = (fac heo,a.bec,d,] He 
The chords defined with respect to the above resolving tree 
Tk) are: 
Uiass-] chords: m,m,Jj,K,e,p.¢ 
Class-e2 chords: n 
The fundamental circuits obtained according to the chords are: 
Cy =~ m,n yest 
C5 =e 6 6) el 


Cra) GeO 


© 
nd 

Hl 

ny 


Nyda Glare 

Cr SF IMACls On OREO RS 

Ce mcr: 0 i, 0,242 
Co =a 250,C50 5,4 


Cp > ees re 
From the above fundamental circuit list Ce is selected as C(k). 


Step’4 The planarity test of [t'Ck) (=. |<) ) yields: 


L(k) Heer 


U(k) m= (\% 5 Chord 


N(k) r 
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r 


7. Mm me aw owed” 





According to tep 4 test, the graph associated with the 
given edge T-matrix is nonplanar. The bold line in the above 
graph is the chosen pseudo-Euler tree. Nonplanar edge r is 


represented as a dotted line in the above graph. 


Example 6 The graph G(k) given below is composed of circuit 
C(k=-m) and a Type-3 bridge B,(k-m). The G(k) is assumed the 
decomposed subgraph to be tested in the kth iteration. 


Planarity test of G(k) is done by using the Phung-Chan method. 
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For the iteration 


Step 1 


aes 





i) 
Oo WON HNN FF Ww MY 


eS W135 6 788 


Step 2 Completed in Step l. 
Step 3 The branches of the resolving tree T,,(k) obtained from 
\" (k) are: 
TY (k) = (2,0 ,C .c.m.,o. 0.) 
The chords specified with respect to ue 2) are: 


Class-1 chords: e,j,k,l 
Class-2 chords: none 


Class-3 chords: m 


In this case there is only one class-3 chord "m" and so the 


C(k) is the fundamental circuit specified by chord "m". 


C(k) = megfc 
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Step 4 Implement the edge T~matrix associated with G!(k) 
and test the planarity of G'(k). G'(k) is the subgraph 
obtained from G(k) by identifying the vertices in each of 
the connected components G, (k) with respect to the specified 


Circe (ik i 





q q 
6 6 
ff i 
i 8 
TCs) me ae, 
5 1 
8 2 
9 5 
4678912 


Be4eoe 7 12 586 3 


Note: (T(x) here is another edge T-matrix of G(k). Vertices 
one [TP Cc) in Step 1 are rearranged according to specified 


circuit C(k). 


4 
6 
if 


[Pp Oe) = 


<< 
l= = 





L(k) = bym 
U(k) = 1 
N(k) = none 


Ny 








where Ve is the vertex obtained by shrinking the connected 
component G, (k) to a point. The edge j parallel to the 
edge & and the edge h parallel to the edge k are deleted 

! a ' - 
from the ace, . The pseudo-Euler tree of \T (kis 


Grawn with bold line. 


According to the above test the decomposed subgraph G'(k) 


is planar. 


Step 5 Implement edge T-matrices associated with the 
decomposed subgraph Gi (k) which is formed with C(k) and 
Type-3 Bridge B,(k). Place these edge T-matrices in the 


matrix list. Delete \T(k) from the matrix list and return to 





step l. 
y 4 ie 
6 6 ia 
|r (k+1) = 7 |r (K+2) a Net Reg 

8 i 

g 2 | Der. a 
Disc. aA. «ee. 

3 NOR RE Te 2 


5 





For the ktl-th iteration 


Step 1 





3467 8 


step 2 Completed in Step 1. 


Step 3 The branches of the resolving tree iat obtained 


from \T.(k#1) are: 


Take!) = Ce, £58,h,1) 
The chords specified with respect to i (Ciguanl), are: 


C¥ass=1 chords: m,j,k51 
Class-2 chords: none 


Class-3 chords: none 


The fundamental circuits obtained according to the chords 


with respect to the specified resolving tree iG tale) are: 


C, = m,€,f,c 


2? baal 
C, = k,i,h 
Cy ma ope TSS 


From the above fundamental circuits Cy is selected as 


eircuds C(kt+1). 
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Step 4 Implement the edge T-matrix associated with G'(k+1) 


and test the planarity of G'(ktl1). 


r 
on = 
S 
+ 
= 
Ul 
Fw o ox 





6789 3 


Note: 
Rows and columns of |T(k+1) in Step 1 are rearranged according 


to specified circuit C(ktl1). 





7 
8 
T'(kt1) = 
ae 
ey 
L(k+1) = f,1,k 
U(kt1) = j 
N(k+1) = none 





According to the above test the decomposed subgraph G'(kt1l) 


is planar. 


7 








Step 5 Implement edge T-matrices associated with the 


decomposed subgraph Gu (k+l). 


Place these edge T-matrices 


in the matrix list. Delete [|r (c+) from the matrix list and 


return to Step l. 


Ir (c+ 3) = 


= WwW to wo nl 





For the kt+3th iteration 


The kt2th iteration is skipped to show the relation between 


PoC benelceraticn and kt3th iteration. 


he we 8 f 
= 


Step 1 It is assumed the 


Ir cxt3) = 


step 2 


~— WW OO WON 


T(k+3) is selected 


g 
h 

ie egal = 2 .(«+3) 

Se age 


C2) we we 
67 8 9 3 


Completed in Step l. 


iit K-43 ) 


Step 3 The branches of the resolving tree,T,(kt3) obtained 


from iP (k+3) are: 


ens) = 5 nm. c) 


4.0 





The chords specified with respect ot 1 Oars) are: 


Class-1l chords: 1 
Class-2 chords: none 


Class-3 chords: f 


There is only one Class-3 chord "f" so the C(k+3) is the 
fundamental circuit specified by chord "f" 
C(kt3) = fseem.ec 


As it is seen above, C(k+3) is equal to C(k), so the algorithm 


does not converge. Planarity test is failed in this case. 


Example 7 Consider the graph given in Example 6. The edge 
T-matrix given below is associated with the graph G(k) in 
Example 6. Using this edge T-matrix, the planarity of G(k) 


is tested. 


{T(k) = 


i = OV tO CON WW WD 





iQ 





For the kth iteration 


Step 1 (Tc) given above is selected from the matrix list. 
Step 2 Completed in the given \T(k). 


Step 3 The branches of the resolving tree T,,(k) obtained from 


[7 (k) are: 


T,(k) = (a,b,m,h,1,1,f,4) 
The chords specified with respect to Hye) are: 


Class-1 chords: k,j,g,c,e 
Class-—-2 chords: none 


Class—-3 chords: none 


The@ftundgamental’ circuits obtained? according to the chords 


with respect to the specified resolving tree db ue | are: 


Cy a 5 as 
Cy = Gnd nde sah olan 


ec = SC 520 1L al 5 ail lo) Ae 


C- has the greatest number of edges among the above funda- 


5 


mentaiectrcuLts and so Ce. is selected as circuit C(k). 


Step 4 Implement the edge T-matrix \T' (x) associated with 
GYCe) Wand test the planarity of G'(k). In this case specified 


Seeciiimme Kk )em@smethe Hamilton circuitgand so, IP (k) = We). — 
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UCk ="elc £8) 
U(k) 


k 


N(k) none 





According to the above test the decomposed subgraph 


G(k) is planar. So the G(k) is planar because rt Ck) a 
the same as [TCc) . 


B. THE PLANARITY OF A PSEUDO-HAMILTONIAN GRAPH 
Planarity test and planar partition of a graph given in 
the above examples were done by using the Phung-Chan method. 


As it was seen in the above examples Theorem 5, the necessary 





and sufficient condition that a pSeudo-Hamiltonian graph be 
Planar, did not work. The graphs in Example 1 and Example 2 
are isomorphic and the graphs given in Examples 3, 4 and 5 
are the same and they are all pseudo-Hamiltonian graphs with 
respect to the specified circuits. However, the results 
obtained by the application of Theorem 5 to Examples 1 and 2 
are different from each other and the results obtained by 
the application of Theorem 5 to the Examples 3 and 5 are the 
same, but they are different from the result obtained by 

the application of Theorem 5 to Example 4. As mentioned 
above, the application of Theorem 5 depends on the specified 
pseudo-—Euler tree. If the pseudo-Euler tree is properly 
specified, Theorem 5 OTe If the pseudo-Euler tree is not 
properly specified, there are chances that Theorem 5 can not 
be applied to the problems and it is very difficult to find 
a proper pseudo-Euler tree by inspection when a graph is 
complex. 

In the next section an algorithm will be given for 
determining a proper pseudo-Euler tree. Then the Phung-Chan 
algorithm for testing the planarity of a pseudo-Hamiltonian 
eraph together with this algorithm will be used in planarity 
CoStam Dialer Dartitlonsend sdrawinege@eot saaplanar subgraph of an 
arbitrary pseudo-Hamiltonian graph. 


1. Algorithm for Determining a Proper 


Pseudo-Eulerairae of Gili) 
Tt is assumed that pseudo-Hamiltonian graph G'(k) 


is already obtained from decomposition of G(k) with respect 








bo anspecitied circuit C(k) and that the elements of C(k) in 
| Ty.0x) associated with G'(k) are: 


OOO > a ee 


eae Oa: 


Step 1 Form a resolving edge T-matrix iy. Ce) associated 


with G'(k). 
t f 
Step 2 Test if the element totl pti one se. 2) is zero. If 
f os 
totl pt is zero, then the proper pseudo-Euler tree is the 
= | t f 
pseudo-Euler tree obtained from \r (Vale Lf t41 pt is not 


zero, then there may be chances that Theorem 5 does not 


apply. Then go to Step 3. 


Step 3 Form another resolving edge T-matrix nee associated 


with G'(k) with the element of [Ty x) toa = tho Rear 
i. and t''. are 


t = tt t 
\Py.Ce) wage and return to Step 2. Where th, 13 


the elements of the resolving edge T-matrices \T1.(k) and 
[ty («) respectively. 
2. Partition of Chord-Sets 

LpheomparclulOonme kite sep me  menOroSsawlth respect TO 
a pseudo-Euler tree of the graph, can be determined by a 
Simple inductive procedure. The procedure follows directly 
Lrome the ObSiervatlom Lhapmenords., "aad jo which aliternate, 
are forced to be on opposite sides of the trunk of the pSeudo- 
Euler tree. Using this observation we place a Class-1 chord 
or a set of Class-—2 chords which are incident at a same 
ooo Calewmmer Cem bireonCcimimul, “Oe U' Sit wand only if this 
Class-l chord or a set of Class-2 chords alternate with 


chords which have already been so placed. 


Oa 
8) 





Before partitioning the chords some notations are 
defined. Let H(k) be the row matrix whose elements are 
set of chords defined with respect to the pseudo-Euler tree 
ie of eG) and H' be the row matrix whose elements are 
chords in H(k) which have not been placed. Initially H' = H(k). 
To start the procedure we select an arbitrary Class-l 
chord or a set of Class-e chords which are incident at a 
Same attachment tree branch in H!' and denote this as 
submatrix H, of H(k), and then put Fe Or UL ee Ne 7 
we find all of the Class-l chords or sets of Class-2 chords 
in H' that alternate with H, and denote this as submatrix Hy . 


If any two chords in H, alternate, the partitioning fails 


il: 
and the pseudo-Hamiltonian Graph G'(k) is nonplanar. 
Assume next that a partitioning has been obtained 


up to a set of submatrices H, so that H(k) is given by 


H(k) = (H, H, Hp + +++ +H, HJ 


The submatrix He is formed by determining all of the 


till 
Class-l chords and sets of Class-2 chords in H! which 


alternate with submatrix Ane The submatrix ih is associated 


Fal: 
with the side of the trunk of the pseudo-Euler tree TY Ck) 
opposite to that associated with He and the procedure is 
repeated. It may happen that there are no chords in H! which 
alternate with chords in Hae ier hiomease all arbDlurary 


Class~-l chord or set of Class-2 chords which are incident at 


a same attachment tree branch in H! is Selected as He and 





the procedure is repeated. In this more general case the 
partitioning of H(k) takes the form 


= eee t t * 6 e | Oni neni: ae 
H(k) [HH H HHt Hp HOH 7 


in which Ho sHys++- oH arceamueornatvel yaouaced Ine’ h sor Us 


similarly for Bo at cee Oe etc. 


3. Identification of a Planar Subgraph of a 
Nonplanar Pseudo-Hamiltonian Graph 


If a pseudo-Hamiltonian graph G(k) is nonplanar, the 
technique for partitioning the row matrix H(k) can be 
modified by deleting chords to result in the identification 
of a planar subgraph of G'(k).This modification, when employed 
with the iterative algorithm, also enables the identification 
of a planar subgraph of an arbitrary graph. | 

The procedure for deleting chords to resume the 
partitioning is straightforward. Denote by A' a set of 
ecnoras) in HL which cannot be placed, and by A a set of 
placed chords in HH With which chords in A! are alternate. 
if A’ contains Cllass-1 chords, these chords are nonplanar 
ddmare dcleved, li A ew also Convains sets Of Class=-c chords, 
we delete a Sufficient number of chords from each set of 
Class-e2 chords which are incident at a same attachment tree 
Praticumoon bape bneSee Sebo Of al Mass—2 chords! no longer 
alternate with any placed chords in A. Note that after 
deleting chords from each set of Class-2 chords in A! we 


Mus @eCnle ClasmOmnSire  toan Cache scl aSctvilleadlternates with 





at least one chord in H,_,. Otherwise, the sets are no 
lon Ser consi rained in HL ance aremretmrncideageo i") 
C. IDENTIFICATION OF A PLANAR SUBGRAPH 

OF AN ARBITRARY GRAPH 

The algorithms for the identification of a planar 
subgraph of an arbitrary graph reviewed in Chapter II use 
the decomposition theorem [9]. So the determination of C(k) 
having the greater number of edges as possible is most | 
important, because, in such case, fewer decomposed subgraphs 
are generated. The algorithms in Chapter II converge most 
rapidly when the decomposition with respect to C(k) is 
pseudo-Hamiltonian since in this case no further decomposed 
subgraphs are generated. 

Using the edge T-matrix, Chang and Chan have given an 
effective algorithm for listing all paths between two 
specified vertices of a graph and an algorithm for listing 
all circuits of a graph. If the Chan-Chang path listing and 
ClecnileeuStame fa leorithms are used; ib Bstposisibiwe Fo wep 
the C(k) which has the greatest number of edges among the 
circuits. However, unfortunately, both of the Chan-Chang 
path Iiisting and circuit listing alisorithms requirewa 
computation time which increases very rapidly with the number 
Svc Comic Ou eDaCe Pagan GdcSpiueceLiclirwamprovyed C€lfectaveness: 
In some cases the circuit which has the greatest number of 
edges among circuits-does not contain the pre-specified edges 
and so this circuit cannot be used as C(k). In the case of 


listing all paths between two specified vertices by using 





Chan-Chang path listing algorithm 2-subset of subsequent edge 
T~matrices derived from the original edge T-matrix associated 
with G(k) are required and to get 2-subset of subsequent 
edge T-matrices of the original edge T-matrix associated with 
the graph whose number of vertices is v, (v-3)! calculations 
are needed and so to use either of these Chan-Chang algorithms 
to specify a circuit C(k) is not realistic. 

In the Phung-Chan algorithm C(k) is selected from the 
fundamental circuits with respect to the resolving tree 
WO) one |r (k) associated with G(k). The C(k) specified 
by uSing Phung-Chan method may not be the circuit which has 
the greatest number of edges among circuits, but in many 
cases this specfied fundamental circuit C(k) has comparatively 
many edges and it is very easy to get. In the case of finding 
C(k) of G(k), if G(k) is not separable between C(k-m) and 
a Type-3 bridge B, (k-m), C(k) is selected as the fundamental 
circuit which has the greatest number of edges among the 
fundamental circuits obtained according to chords of attachment 
edges. In some cases as it is seen in Example 6, the specified 
circuit C(k) does not contain many edges, so the rate of 
convergence of the algorithm is very slow or the algorithm 
does not converge. As it was pointed out in the above, there 
is need to develop other methods to find a proper circuit 
C(k) in order that the algorithm may converge comparatively 
rapidly. Another algorithm for ifinding @ proper circuit 


C(k) is suggested in the following. 





ieengorrthm tor danding Cikide OheG(k) 





It is assumed that G(k) is composed of circuit C(k-m) 
and Type-3 Bridge B,(k-m). If the graph to be tested is G(l), 
then C(1) is specified as the one which has the greatest 
number of edges among the fundamental circuits with respect 


to the resolving tree T (1) of \7,(1) associated with G(1) 


Step 1 Form the edge T-matrix [T(k) of G(k). First part 
of the columns of (T(x) of G(k) are the ordered vertices of 
eireuit C(k-m) and the second part of the columns are the 
vertices of G, (k-m). Forming the edge T-matrix IT Ck) of 
G(k), do not change the sequence of vertices of G, (k-m). 


Doing this, |T(k) of G@(k) is always resolving edge T-matrix. 


Step 2 Test if the decomposed subgraph G(k) is separable 
between C(k-m) and B. (k-m) , or between C(k-m) with attachment 
edges and G, (k-m). If G(k) is separable between C(k-m) and 
B,(k-m), or between C(k-m) with attachement edges and G,(k-m), 
then C(k) is the fundamental circuit which has the greatest 
number of edges among the fundamental circuits with respect 

to the resolving tree of B, (k-m) or G, (k-m) respectively. 

If the decomposed subgraph G(k) is not separable, then go to 
Step 3. If G(k) is separable, then the planarity test will 


be done only to B, (k-m) or G, (k-m). 


Step 3 Delete the vertices of C(k-m) at which the attachment 
edges are not incident and delete the edges which are incident 


at these vertices from the [T(k) of G(k). Then connect the 





remaining vertices in C(k-m) with edge P, consecutively. 
Edge T-matrix obtained by this operation is always resolving 
edge T-matrix. If there appears any parallel edge Py ee ole 


process of this operation, then delete this parallel edge P,. 


Step 4 List the whole fundamental circuits according to the 
chords with respect to the resolving tree which is obtained 
from the resolving edge T-matrix formed in step 3. Specify 
the circuit C(k) as the one which has the greatest number 
of edges among the fundamental circuits obtained according +0 
CHerds, 
Two algorithms Given above will be illustrated in 
the examples in Chapter IV. 
D. ALGORITHM FOR IDENTIFYING A PLANAR 
SUBGRAPH FROM AN ARBITRARY GRAPH 
Phung-Chan algorithm is modified. The input is the edge 
T-matrix {T(1) of an arbitrary graph G(1). The algorithm 
identifies planar subgraphs of G(1) This algorithm is 


initialized by placing |T(1) in the matrix list. 

Step 1 Test if there is an edge T-matrix in the matrix list. 
If not, the run is over. 

Step 2 Transform PC) into resolving edge T-matrix \T(k). 


Stepmon Usingetne aleorithm for finding C(k) of G(k) given 
in Section B.1 in this chapter, specify C(k). If G(k) is 
Separable between C(k=-m) and Type-3 bridge B, (k-m) or 


between C(k-m) with attachment edges and connected component 


De 





G,(k-m)), let G(k) be B,(k-m) (or G,(k-m))and let |T(xk) be 
the edge T-matrix of B,(k-m) (or G,(k-m). If no circuit C(k) 


can be formed, G(k) is planar. Return to Step l. 


Step 4 Implement the edge T-matrix, \r' (x) associated with 
decomposed subgraph G'(k). Using Theorem 5 together with 

the algorithm for determining a proper pseudo-Euler tree of 
G'(k), test the planarity of G'(k). If we are only interested 
in testing planarity, the procedure terminates at this point. 


Otherwise, place nonplanar edges in N(k). 


Step 5 If the decomposition of G(k) with respect to C(k) is 
pseudo-Hamiltonian, delete | rc) from the matrix list and then 
return to Step 1. Otherwise, implement edge T-matrices 
associated with each Type-3 bridge B, (k) of C(k). Place 

tiese Yedge T—-matrimces in the matrix List. Delete |T(k) from 


the matrix list and return to Step l. 


NotCrpmmGmpemiormiis ibcOenmmat theregis anyecnord me. 

which is generated in the process of specifying C(k), put 
these edges first in each submatrix Hi, Cim Hike) So that NC) 
may not have any edge ies For identifying planar subgraphs 
put the edge T=-matrix whose elements are edges deleted from 
G(1) in the process of partitioning H(k). These deleted 


edges are 


lw 


N(k) 


Kae 


Tie ec ceo? (pent im oneg whem ~Lhere appear no deletred 


SaliaS - 


b0 





IV. APPLICATION OF ALGORITHM 


Planarity test and planar partitioning of a graph will 
be done in the following examples by using the algorithm 
given in Chapter III. By these examples the effectiveness 


of the algorithm will be shown. 


Example 8 The planarity of the graph G(1) given below is 


tested by using the algorithm given in Chapter III. 
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For the first run 


Step 1 
2 
3 b 
de 
il aoe Cl 
6 ee 2 eee eC 

{T(2) =e, facew oe . sf = TQ) 

Soe yt 
9]. feel, Eee 


ee 
=-wWrwkeH oO 





12345 67 8 910111213 


Step 2 Completed in Step l. 


Step 3 From the resolving edge T-matrix [7,(1) resolving 
tree RL) is obtained. The branches of ae are: 

Waal), = (a,b,c,d,e,f,h,i,k,l,m,n,o) 
The chords defined with respect to Wooded are: 

CAS See words 5, ), 2, 2,5 eee. oeSec.,U,V,D 


Class-2 chords: none 


Class-3 chords: 2, 


The fundamental circuit which has the greatest number of 
edges among fundamental circuits according to the specified 


chords with respect to the resolving tree ae) is: 





C. ™ 2 cdo, Cc ,G,Cyt 


C._is selected as circuit C(1). 


g 


Step 4 Implement the edge T-matrix associated with G'(1) 


and test the planarity of G'(1). 





2 
; 3 
4 
lv" (1) = 
6 
t : 
V1 j 
Vi sapileee: 
3) Be 


The circuit C(1) has seven vertices and the entry 
— tty tt t ‘ ith | b h 
to 7 ( a ero [7 (1) associated with decomposed. subgrap 


G'(1) is not zero. And so reform the edge T-matrix loin 


with baa OF je (5) asm br. 





3 

4 

5 

6 

[r'(1) = 7 
1 

Vi 

“a 


Peo eds 607). V5 





Kk Uv L. 8 | 
lpg y 258 ieys ce wii J 


H(1) 
N(1) 


f zero ] 





Note: pseudo-Euler tree obtained from bey, is shown 
as a darkened line. 


According to the above test the decomposed subgraph G'(1) 


is planar. 
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Step 5 





12345 67 8 9101112 


The edge T-matrix ee associated with the decomposed 
the 
subgraph G(2), is composed of C(1) and the subgraph G, (1) 


Vat vertices aye. BO, J a eis es ae mp yy. 


For the second run 


Step 1 mee) ismese lacted. 
SLCCDee SEOeOnDLeUCd Ina lepeogein firseerun, 


= t 
Step 3 Reform the above edge T-matrix Toe) to ir (2!) 
according to the above suggested algorithm for finding 


cireuit C(k). 
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9 
10 
{r,.(2") =ll1 


12 


13 
14 





ome 214 


From the above resolving edge T-matrix ee besolvinigy 


tree T(2') is obtained. The branches of We” are: 
Lace = (P, ,1,k,1,m,n,0) 


The chords defined with respect to T C2") are: 


Cita Sisal chords: ¢ ,d.r,S,0,U.Vv.)D 
Class-2 chords: none 


Class-3 chords: none 


Note: Class-2 and Class-3 chords are none. 


If decomposed subgraph G(k) which is composed of C(k-m) and 
G, (k-m) is not separable from each other, then associated 
edge T-matrix aca has always class-l chords. 

The fundamental circuit which has the greatest number 
of edges among fundamental circuits according to the 


specified chords with respect to the resolving tree 2) aiksie 


Cy aM oc UR a aie 


Cy, Teme cemedmas she vcircuit Cl2). 
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Step 4 Implement the edge T-matrix associated with G'(2) 


and test the planarity of G'(2) 


|r" (2) = 





H(2) = Pop eaas 


il 
— 
= 
O 
as) 
¢?) 
a 


N(2) 





According to the above test the decomposed subgraph G!(2) 


iS planar. 
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step 5 





10] k 
Ae if 
[r(3) = i a : a 
eee a! = \r 3 
Ne 
LY  [SOieeeemen 2O 
ee Nad. eee 
ps) lke - » Py 





OOF 21 31 Oe 
mnOte che Chard run 


Step 1 T(3) is selected from the matrix list. 


step 2 Completed in Step 5 in the second run. 


Step 3 Reform the edge T-matrix \r C3).-60 ir .(3") by using 
the algorithm for finding circuit C(k) given above. 






10 Po 
(2,37) = 2b . 2 
5 | ar 


9102 
From the resolving edge T-matrix 7.63") resolving tree eS 


lis) Obtained. = che branches of Cee are: 


we) = (Do 525P,) 


The chords defined with respect to TGP are: 


Class-1 chords: 1 
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The fundamental circuit C(3) is Cc, because there is only 
one chord "1" with respect to the resolving tree Juetes} 


The branches of Cy are: 


Cy - 1;P5 92 515, 


Step 4 Implement the edge T-matrix associated with G'(3) 
and test the planarity of G'(3). 


10 Do 
[r* (3) See ae = ep 
3 ae 
9102 
H(3) = [1] 
N(3) = [L none ] 


G' (3) “is elagaree Andsso thelgiven graph G(1) iis planar. 


1Gerat lone useiainiished, 


Example 9 In this example we will test the planarity of the 
Kuratowsty's one of nonplanar graphs by using the algorithm 


given in Chapter II1. 
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For the first run 


Step 1 


[r(1) = 


NU Ff WwW WM 





Step 2 Completed it Ce eee 


Step 3 The branches of resolving tree ee) of T.(2) are: 
ee Aa =§(a,b,c.d,e) 


The chords defined with respect to ce) are: 


Class—? chords: ¢,h,1,& 
Class-2 chords: none 


Class-3 chords: none 


The fundamental circuit which has the greatest number of 
edges among fundamental circuits according to the specified 


chords with respect to the resolving tree ee) is: 


Comme 162,0,0,0,¢ 


wy 


GC» ishseteeled as circuit C(1). 


f 
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Step 4 Implement the edge T-matrix associated with G'(1) 
and test the planarity of G'(1). In this example G'(1) with 
respect to C(1) is the same as G(1). 

L 
8 


L U 
H(1) = [fy ith] 


N(1) 


" 
cm 
09 
i 





Note: Nonplanar edge "g" is drawn as a dotted line and 


pseudo-Euler tree Tew) is drawn as a darkened line. 


According to Step 4 test, G(1) is nonplanar. 


Example 10 The algorithm given in Chapter III will be 
illustrated for the planarity test and planar partitioning 


Ol ean farbpitrarvyegraph given delow., 


V4 





GG) 





For the first run 


step 1 


\r(1) = 


Oo WON NHN UI FW DY 


ao 
t+ © 





ime wee e5b a6 7 89.106 


ie 





step 2 


2 

3 

4 

5 

6 

[7 .(1) = 10 
get 

ii 

8 

S, 





Step 3 The branches of resolving tree uA, ony \T,.(1) are: 
ie Gle amc cMORCE Str xiy) ,JO) 
The chords defined with respect to Ty) are: 


Cllasseae chords: ) i ,¢,h9wjn.r,¥,Z,m,u,1,p,0,0, 1%, a 
Class=-2 chords: none 


Class-3 chords: none 


The fundamental circuit which has the greatest number of 
edges among fundamental circuits according to the specifiled 


chords with respect to the resolving tree aL) is 
C.. ate Cre, 5 5G h5 J 5K 


Co is selected as circuit C(l). 


13 





Step 4 


3 
y 
5 
6 
[r" (2) = 10 
la 
4 
8 
9 
ar 


H(k) 


N(k) 





tl 





C 


L L ieee 
rr ante m,p,1,W4n,04 q 1 


[z,e] 


ee 





According to Step 4 test G(1) is nonplanar. Planar 
subgraph of G(1) is drawn with continuous line. Another 


subgraph is given below. 





VI. DISCUSSION 


1. In Chapter II we reviewed three algorithms. As it is 
seen in Chapter II, basic principles of the three algorithms 
are exactly the same. As they all use the decomposition 
theorem [9] in their algorithms, these three a conitine 
strongly depend on the determination of the circuit Cia); 
The algorithms converge most rapidly when the decomposition 
with respect to C(k) is pseudo-Hamiltonian, since in this 
case no further decomposed Subgraphs are generated. 

Using the edge T-matrix Chan and change have given an 
effective algorithm for listing all paths between two speci- 
fied vertices or & graph and also have given an algorithm 
for listing all circuits of a graph. Using Chan-Chang path 
es pall eel Omens mOmmede@ thas Garigea | order nm. wediec lie are) 
which has the greatest number of edges among circuits can be 
obtained. But these aclexegeal Oia require a computation time 
which increases very rapidly with the number of vertices of 
the graph despite their improved effectiveness. In Phung- 
Chan algorithm C(k) is selected from the fundamental circuits 
with respect to the resolving tree TL(k) of \T_(k) associated 
with G(k). The C(k) specified by using Phung-Chan method 
| may Me@usoc the Circuit which has the greatest number of edges 
among circuits but in many cases this specified circuit C(k) 


has comparatively many edges. However, as it is seen in 
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Example 6, the circuit C(k) sometimes does not contain 
many edges, so the rate of convergence of the algorithm is 
very slow or the algorithm does not converge. 

In this paper Phung-Chan algorithm is improved oe 
modifying the circuit finding algorithm and by establishing 
the algorithm for determining a proper pseudo-Euler tree of 
G'(k). The algorithm given in this paper converges 
comparatively rapidly and has not any chance that the 


algorithm does not converge as it is seen in Chapter IV. 


2. In digital computation the algorithm is simple in terms 
of arithmetic and logic operation, but the computer storage 
requirement becomes prohibitive when the graph is large. AS 
the algorithm given in this paper also uses edge T-matrix, 
the computer storage metre cue can be minimized. The 
computer storage requirement of edge T-matrix is smaller 
than half of that of incidence matrix of the same graph 


which Fisher and Wing used in their algorithm. 


3. The algorithm established in this paper is comparatively 


easy and simple and so hand calculation is possible. 


(ei 





VI. CONCLUSION 


In this paper the Phung-Chan algorithm is improved by 
establishing the algorithm for determining a pseudo-Euler 
tree and by modifying circuit finding algorithm. By using 
this algorithm the rate of convergence is increased and the 


computer storage is minimized. 


od 
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